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Background
Signed permutations

For n >0, we set [n] :={1,...,n} and [£n] := {£1,...,£n}.

Definition

We denote by S, the symmetric group on [n], and by
B, the group of signed permutations consisting of all bijections
w : [£n] — [£n], that satisfy w(—i) = —w(i).

Sn and B, are the Coxeter groups of types
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Example
For w = [4,-3,5,1, —2] € Bs we have
w(l) =4, w(2)=-3, w(3) =5 w(4) =1, w(b) =—-2.
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Background
Fully commutative elements

Definition

An element in a Coxeter group w € W is fully commutative if any
reduced expression of w can be obtained from any other one by
using only commutation relations.

The set of these elements in W is denoted by FC(W).

Proposition (Billey-Jockush-Stanley, Stembridge)

e m € FC(S,) < 7 avoids the pattern 321.

o w € FC(B,) <= w avoids the pattern (—1,—2) and all the
patterns (a, b, ¢) such that |a| > b > c or —b > |a| > c.

[4,-3,5,1,—2] ¢ FC(Bs) but [4,5,—1,2,3] € FC(Bs)
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Background
Block number

Definition

A nonempty permutation of S, which is not a direct sum of two
nonempty permutations is called ®-irreducible.

Each permutation m can be written uniquely as a direct sum of
G-irreducible ones, called the blocks of .

Definition

The block number of a permutation w € S, is

bl(7) := #blocks of 7.

Let 7 =[2,3,1,5,4]. Then the blocks of 7 are [2,3,1] and
[5,4] = [2,1], thus bl(7) = 2.
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Background
Block number for type B

For w = [wi,...,w,] € By, let 7(w) be the permutation in S,
which records the letters wy, ..., w, in the relative standard order.

v

We define the block number for type B of w € B, as

blg(w) := bl(1(w)).

y

Example

Let w = [—-4,—-3,-5,1,-2]. Then 7(w) = [2,3,1,5,4],
thus b|B(W) =2,
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Background
Descent and negative sets

For w € B, let

Desg(w) = {0<i
Neg(w) = {1<i

n—1|w(i)>w(i+1)}, (w(0):=0)

<
< n|w(i) <0},

be the descent set and the negative set of w.

Definition (Last descent)

For w # id, set ldesg(w) := maxDesg(w) and Idesg(id) := 0.

Idesg([—3,1,—6,—2,—5,4]) =4, Idesg([—3,1,2]) = 0.
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Equi-distribution

Equidistribution on FC(B,)

Theorem (BBJR, 2020)

For any n > 1, we have

Z xDesB(w)ZNeg(w)quB(wfl)tn—IdesB(wfl)
weFC(Bp)
_ Z xDesB(W)zNeg(W)qnfldesB(W’l)thB(W’l).

weFC(B,)

Proof Ingredients:

@ An explicit description of the intersection of FC(B,) with
S,-cosets in B,,.

@ A type B-analogue of Rubey’s descent set preserving
involution f : FC(S,) — FC(S,) which sends bl(7)
to n — Ides(f(7)71).
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Equi-distribution

Intersection of FC(B,) with S,-cosets

For1<i<n, setd; :=s;_1 515, and

B, (r) := {n€Bn|p=p1py(x), pi € {e,0;}} if 1 ¢ Des(n™);
(7= (e By | e fe,disnn bum)) if 1 € Des(—1),

) min {Des(7 1)\ {1}} if Des(w~!
where v(7) = { { } if Des(r—1
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Schur Expansion
Chow's fundamental type B basis

The type B Chow fundamental quasi-symmetric function indexed
by J C {0} U [n— 1] is defined as

FB(x0,x1,%2,...) = Z X+ Xi,-

0<i1<ip<---<in
jEI=ij<izs

Problem (A type B-analogue of Sagan and Woo, '14)

Find sets of patterns I and statistics st : B, — N U {0}, such that

> gt w) FDBesB(W) is Schur-positive.
WeBn(n)

We answer this question for B,(1) = FC(B,) and st = blg. |
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Schur Expansion
Bi-tableaux

A bi-shape X := (AT, \7) = n is a pair of partitions of total size n.
A bi-tableaux T := (T*, T~) € SYT(\) is a standard filling of \.

The type B descent set of a bi-tableau T is

Desg(T) :={i€[n—1]: i+1isin a lower row than i}U{0: 1€ T},

where the shape A\~ is drawn southwest of the shape \™.
Let Idesg(T) := maxDesg(T).

7= 113 ] esyT((2),(3)), Idess(T) = 3.
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Schur Expansion
Main result

Theorem (BBJR, 2020)

For any positive integer n, we have

Z qb'B(W_l)FgesB(W)(XOaXlaXZv )
wEFC(Bn)\FC(Sn)

= Z Z ank‘jqj S(k)(Xo,Xl,XQ, .. ) S(n_k)(Xl,XQ, .. )

k=1 \ j=0
where s is the Schur function indexed by the partition (k), and

bnj:=#{T € SYT((n— k),(k)) : ldesg(T)=n—j} >0.

v
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Schur Expansion

Proof Ingredients:

@ The description of FC(B,) as a disjoint union of two-sided
Kazhdan—Lusztig cells, given by Green and Losonczy.

@ A descent set preserving bijection from domino tableaux to
bi-tableaux, expanding upon Barbash—Vogan's bijection.

@ The above equidistribution theorem.

Thanks for the attention,
See you soon!
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